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ON THE LINK BETWEEN BINOMIAL THEOREM AND DISCRETE 
CONVOLUTION 


PETRO KOLOSOV 


ABSTRACT. Let P?"(x) be a 2m + 1-degree integer-valued polynomial in b,z € R 


b-1 m 


PP (2) =>) > Amrk" (x — ky’, 


k=0 r=0 
where A,r is a real coefficient. In this manuscript we establish a relation between Binomial 
theorem and polynomial P}"(z). Furthermore, a relationship between Binomial theorem and 


discrete convolution in terms of polynomials is provided. 
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Date: January 28, 2022. 


2010 Mathematics Subject Classification. 44435 (primary), 11C08 (secondary). 


Key words and phrases. Binomial theorem, Convolution, Discrete convolution, Polynomials. 
1 


ON THE LINK BETWEEN BINOMIAL THEOREM AND DISCRETE CONVOLUTION 


e A,,,, m €N is a real coefficient defined recursively 


(2r+1)(77), ifr =m; 
oy _4)d-1 : 
Amr = § (2r +1) e dara Amd Fe) Boao; if0<r<m; 
0, wre Dorr > i, 


where B; are Bernoulli numbers [Wei]. It is assumed that B, = 5. 


e P(x), m EN is a 2m + 1-degree integer-valued polynomial in b,x € R 
b-1 m™ 
PR(2) = S >So Amrk" (a — ky” 
k=0 r=0 


e H.,,,.(b), m,t,b € N is a polynomial defined as 


(3 (1? f2j-t+1 
Fm,t(b) *= a (7) Amiay Ep i Boj_e41-b 


j=t 


e Xn2(Jj), m,t € N is polynomial of degree 2m+1—tinj¢€R 


e L,,(z,k), m € N is 2m degree polynomial in 2,k € R 


Llet.k) = S° Am rk’ (@ — k)" 
r=0 


(1.2) 


(1.3) 


(1.4) 


(1.5) 


e (f x f)|n] is discrete convolution [BDM11] of function f defined over set of integers Z 


(f * f)[n] = S— f(k) f (nk) 


2. INTRODUCTION AND MAIN RESULTS 


following relation with Binomial theorem [AS72] 


2m+1 
m 2m+1 m+1—-r,r 
Pret) = do (Ot amrry, 


r 
r=0 


The polynomial P;"(x7), m € N is 2m + 1-degree integer-valued polynomial in z,b € R. 


where A,,, is real coefficient. By means of Lemma 4.1, the polynomial P}’(x) has the 
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From the other hand, polynomial P}"(«) might be expressed in terms of discrete convolution 
of polynomial n/, 7 €¢ N 
Pig] > Ameer a, neo 
r=0 
It is of first necessity to notice that n” of discrete convolution (n" * n”)|x] evaluated at x is 


implicit piecewise-defined polynomial such as 


n-n--een, ifn>0 
Le ee 
n= r times 


0, otherwise 


Therefore, it is easy to notice the following identities in terms of Binomial theorem and 


discrete convolution, see Corollaries 6.1, 6.2 


m 2m+1 m+1 
PAnolnt ener y=1+ Ce amy, neo, 
r=0 r=0 " 
m 2m+1 
2 1 
> Sale *n" [x+y] = —-1+ » ( ne ans n>0. 
qe 
r=0 r=0 


Also, the following generalizations for multinomial case are discussed, see Corollaries 6.3, 6.4 


m t 
2n+1 
5 An,(n" *n")[e1 + @o+--- +a] =1+ y (, , ‘) a. 0, 
r=0 iin Ve Ores gg 
m t 
2n+1 
y Amr(n" *n")[21 +o +++-+2,) =—-1+ y Lies n> 0, 
Beis Wats noaing RY 
r=0 ky +ko+--+kp=2m+1 l=1 


A few polynomial identities are straightforward as well by means of Theorems 5.3, 5.5. 


Precisely, by the theorem 5.3 we have an odd-power identity as follows 


m z—1 
gant = > Aee > Fe = ky 
r=0 r=0 


From the other prospective, the theorem 5.5 concludes as follows 


g2mtl — 3 Lae 3 k" (ax _ ky’ 
r=0 k=1 
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In its explicit form an identity 22"? = 57") Am» Sof) k"(« — k)" looks like as follows 


= S| 6k(a — k) +1 
k=1 

x = S°30K(a—k) +1 
k=1 

a” = 5° 140k3(x — k)® — 14k(@ — k) +1 
k=1 


x? = 5° 630k*(a — k)* — 120k(@ — k) +1 
k=1 


al = S © 2772k° (a — k)° + 660k? (x — k)? — 1386k(a — k) +1 
k=1 


ge > 51480k" (x — k)" — 60060k?(x — k)? + 491400k?(x — k)? — 450054k(x — k) +1 


k=1 


3. POLYNOMIAL P#"(z) AND ITS 


PROPERTIES 


We continue our mathematical journey from short overview of polynomial L,,(a,k) that 


b-1 


is essential part of polynomial Pj;"(x) since that P(x) = >0,~-9 Lm(x,k). Polynomial 


L,,(z,k), m € N is polynomial of degree 2m in z,k € 


form the polynomial L,,,(z, k) is as follows 


R, see definition (1.5). In explicit 


Lin(z, k) = Ammk™ (a — bk)" + Amm—1k™ "(2 —k)™ 1 +--+ + Amo; 


where A,,,, are real coefficients defined by (1.1). Coefficients A,,,, are nonzero only for r 


within the interval r € {m}U [0,54]. For example, 


a ie 

y \iel 6 

2 | 2 0 30 

ae -14 0 140 

4 }1 — -120 0 0 630 
5 |1  -1386 660 0 0 
6 |1 -21840 18018 0 0 
7 |1 -450054 491400 -60060 0 


2772 
0 0m 
0 0 51480 


Table 1. Coefficients A,,. See the OEIS entries: A302971, 4304042. 
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Thus, the polynomial L,,(2,k) may also be written as 


m-1 


Lin(x, k) = Ammk™ (x — k)™ + S> Ampk" (a — k)! 


r=0 
For example, the polynomials L,,(x,k) for 0 <m <8 are 
Loe) =, 
L, (x, k) = 6k(x — k) +1 = —6k? + 6ka +1, 
L(x, k) = 30k?(2 — k)? + 1 = 30k* — 60k%x + 30k72? +1, 
(x, k) = 140k?(2 — k)® — 14k(2@ —k) +1 
= —140k® + 420k°x — 420k*x? + 140k? 2? + 14k? — 14ke +1 


L; x, 


It is worth to notice that L,,(x,k) is symmetrical over x 


Property 3.1. For every x,k € R 


13. 13° 1 

If: 25° 19. 1 

25 37 37 25 1 

31 49 55 49 31 1 
37 61 73 73 61 37 1 


| 
| 
| 
i 
1 
| 
| 
| 


NOOR WNFR 


Table 2. Values of Li(z,k). See the OEIS entry: A287326. 


Next we discuss the polynomial P}"(x). In its extended form, the polynomial P}"(x) is 


m m b-1 
PP@)=> Laeh => > Ank’@—k! => Ane > FER 
r=0 k=0 
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n 


By the binomial theorem (# — y)"” = )°>,_ 


= YA ya (") 


However, by the symmetry (3.1) of L,,(xz,k) the polynomial P 


the form 


k=1.r=0 . k=1 r=0 
m b m 
= t 4 \r=t r Qr—t 
=F (P) Arek 
t=0 k=1 r=t 
(—1)™"! Xm, + (0) 


Note that S7?_, 7”™,(— 


can be seen if we change the summation order and use Faulhaber’s formula )>7_, k? 


2r—t 
(° 
L=0 


om a= 


ge Byn?t!~J to obtain 
j 


(-1)" 
mor —t+1 


Xme(b) = (-Y)™ > 


r=t 


Introducing k = 2r —t+1-— we further get the formula 


OV 


1)1() A ek2E is the ("Kyl 


may be not immediately clear why X,,,(b) represent polynomials in b. 


=n] 


m 


(a) may also be written in 


(Je 


. 
t 


—t it 
Pt oe 


From this formula it 


However, this 


Byb2?—t+1-& 
£ ) 


2m—-t+1 ;: 
nl) =U YY (1) nes (ET Bata 
Hynt(k) 
Polynomials X34(b), 0 <t <3 are 
X30(j) = 7b? — 28b° + 700° — 70b° + 200’, 
X3i(7) = 7b — 420? + 175b* — 2100" + 700°, 
X30(j) = —14b+ 1400 — 210b* + 84b°, 
X33(j) = 35b? — 700® + 350" 
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Polynomials Hy; ;(/) are defined by (1.3) and examples for m = 3, 0 <t < 3 are 


1 14 3 7 
H30(k) = Bix (;,) a —g Bs-x (;) — 20Br7_z ({): 


H31(k) = 7Bo_-x (;) 
H30(k) = —84Bs_x @) 
( 


H33(k) = —35Ba-p 


It gives us an opportunity to overview the polynomial P}"(x) from the different prospective, 


for instance 
PH(2) = Yo(-1)" 7 Xmr() 2" = 3 (1a O) er ar (3.1) 
r=0 r=0  @=1 
Equation (3.1) clearly states why P}"(x) is polynomial in x, b. For example, 
P(x) =b, 
P}(2) = 36° — 26° — 3bx + 3672, 
P?(2) = 100? — 1504 + 6b° 
— 15b?x + 30b8x2 — 15b*2 
+ 5bx” — 15b?2” + 10b°2”, 
P3(2) = —7b? + 286° — 70b° + 700° — 200" 
+ Tha — 426’ + 175b*2 — 210b°x + 70b°x 
+ 14ba? — 140b°x? + 210b*a? — 846?2? 
+ 35b°x* — 70b°2* + 35b42° 


The following property also holds for P;"() 


Property 3.2. For everyméEN, 2,b€R 


byi(t) = Py'(@) + Lm (a, b) 


4. POLYNOMIAL P}"(z) IN TERMS OF BINOMIAL THEOREM 


Lemma 4.1. For everymeéEN, z,yER 


2m+1 
m 2m+1 m+l—r, r 
Pr (c+y)= > ( )o i 


r 
r=0 
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By Lemma 4.1 and equation (3.1) the following polynomial identities straightforward 


m 2m—-r+1 m 


2mtl S> > (-1)?"H,,,-(2) 2" = > Ay Xa @) nd 


r=0 ¢=1 r=0 
For instance, 

P2 (ety) = (a+ y)(a* + 4a°y + 607y? + Ary? + y’). 
In addition, the following identities hold 


m 2m—r+l 
(x a yee = > > (—1)?"-"H,,,-(@) . (x “a y)etr 
r=0 €=1 


= S01)" Xne(ew ty): (@+y)" 


Obviously, Multinomial expansion of t-fold sum (2, + @2 +++- + 2;)?"t! can be reached by 
PP (ti + 2g +---+2;) as well 


Corollary 4.2. For all x1, 22,...,%, € R, mE N 


t 
- 2m+1 i 
Pay I a ee) = » a i «) I] 


ky that -+kp=2m4+1 


Moreover, the following multinomial identities hold 


(x1 ais ses le aoa get = i» > a) ass ere Z (xy + ates + aye 


5. POLYNOMIAL P}"(x) IN TERMS OF DISCRETE CONVOLUTION 


In this section we discuss the relation between P(x) and discrete convolution of polyno- 
mials. To show that P}"(x) involves the discrete convolution of polynomial n” let’s remind 
the definition of P?"(x) 


b-1 ™m m b-1 
Pia) = >_>) Amr (@—b) =) Ame > PG ay 
k=0 r=0 r=0 k=0 


A discrete convolution of defined over set of integers Z function f is 


(f * f)[n] = S° f(k)f(n —k) 
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General formula of discrete convolution for polynomials f(n) = n’, n > a € R may be 


derived immediately 


(nJ *« nJ)| =a ik >al[e¢-k>a] 


Sie wRSaheded 


=) 0M (x—k)la<k<a-al 
k 


a5 Pe) 
k=a 


where [a < k < x — al is Iverson’s bracket [Ive62]. 


Lemma 5.1. For everynEN, cx ER 


(n? «n")[2] = Sk (a—k), n>O0. 


It is of first importance to keep in mind that n” of discrete convolution (n”*n")|x] evaluated 


at x is implicit piecewise-defined polynomial such as 


P-wn, in> v 
KH 
n= r times 


0, otherwise 


Thus, the corollary follows 


Corollary 5.2. By Lemma 5.1 the polynomial P}"(n) might be expressed in terms of discrete 


convolution as follows 


P™ (2) => Amp(n” *n")[a], n>0. 


r=0 


Therefore, another polynomial identity follows 


Theorem 5.3. By Lemma 4.1, Corollary 5.2 and property 8.2, for everymeEN, cER 


greet = Yo Anal ee lel, mS 0. 


Now we notice the following identity in terms of polynomial P}”’(x) and discrete convolution 


(n} * nJ)[z] 
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Proposition 5.4. For everyméEN, «ER 


= s Ax 0a" + > Amr(n" *n") [x] 
r=0 r=0 


=1+ So Amer(n" en \iel; wed, 
r=0 
Since that for all r in A,,,-0"x" we have 


Ll, ar=0 
0. tree) 


Ka ro 


Above is true because Ajo = 1 for every m € N, and 2° = 1 for every x, [GKP94]. Hence, 


the following identity between P{"(x) and discrete convolution (n/ * n/)[z] holds 


Theorem 5.5. By Lemma 4.1 and Proposition 5.4, for everym EN, cE R 


SL = Amel en )ia), a> 0, 
r=0 


Corollary 5.6. By Theorem 5.5, for allm EN 


3 oe = p2m+l —] 
r=0 


Corollary 5.6 holds since that convolution (n/ * n’)[z] = 1, n > 0 for each r and x = 2. 


6. RELATION BETWEEN BINOMIAL THEOREM AND DISCRETE CONVOLUTION 


Corollary 6.1. (Generalization of Theorem 5.3 for Binomials.) For everym €N, x,y €R 


m 2m+1 Si BY l 
S Ane * n’)|[x uf y| = ]+ », ( aaa n>0. 


r 
r=0 r=0 


ON THE LINK BETWEEN BINOMIAL THEOREM AND DISCRETE CONVOLUTION 


For example, given m = 0,1, 2 the Corollary 6.1 gives 
0 

dAor(n” *n")[z+y)=1+a+y 

r=0 
1 


YS Aip(n" *n")[x + y] =l+ar+y-(e#+y)1l+2+4+y)(1 — 32 —-3y+ 2(4+y)) 


=1+7°+ 327y + 3ay? +7 
2 


So Aop(n” *n")[x + y] =l+etyt(cty)(l+oct+y) (-l+2+50?+y + 1l0zy + 5y? 
r=0 


— 15a(x + y) + 10x? (x + y) — 15y(a + y) + 20ry(x + y) 
+ l0y*(x + y) + 9(@ + y)? — 152(z + y)? 
—l5y(x + y)? + 6(a + y)°) 
= 2° + daty + 10a%y? + 1022y? + 5Sary* + y? +1 
Above example could be verified using using the commands 


e BinomialTheoremAndDiscreteConvolutionTest[0, x + y] 


BinomialTheoremAndDiscreteConvolutionTest[1, x + y] 


Expand [BinomialTheoremAndDiscreteConvolutionTest[1, x + y]] 


BinomialTheoremAndDiscreteConvolutionTest[2, x + y] 


Expand [BinomialTheoremAndDiscreteConvolutionTest[2, x + y]] 


defined in Mathematica package at [Kol22]. 
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Corollary 6.2. (Generalization of Theorem 5.5 for Binomials.) For everym€N, x,y € 
m 2m+1 
amr L 
Ay. r r —_]| 2m+1-r Z =. '(h, 
Do Amel en e+ + ( . ee 


For example, given m = 0,1 the Corollary 6.2 gives 
0 


So Aor (n™ *n")[z+y] =at+y-1 
r=0 


So Aip(n™ «n")[2 + y] ==—l-e+9= (1 -e+Qiet gl =sr=29 42a) 


= 2° + 3a7y + 3ay? + y° -—1 


Above example could be verified using using the commands 
e BinomialTheoremAndDiscreteConvolutionStrictTest[0, x + y] 
e BinomialTheoremAndDiscreteConvolutionStrictTest[1, x + y] 


e Expand [BinomialTheoremAndDiscreteConvolutionStrictTest[1, x + y]] 
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defined in Mathematica package at [Kol22]. From the other prospective, let be a function 
f-(t,k) = (t—k)’, t > k, then following identity holds 


(a — 2a)?"**+1= 0 Amo( f(t, &) * f(t, &)) a] (6.1) 


r=0 
Let be a function g,(t,k) = (t—k)", t > k, then 


(a — 2a)?" —1 = $7 Ame(Gr(t, &) * Go(t, &)) [x] (6.2) 


r=0 
6.1. Generalization for Multinomials. In this subsection we generalize Theorems 5.3, 5.5 
for multinomial cases. 


Corollary 6.3. (Generalization of Theorem 5.8 for Multinomials.) For every x1, %2,...,X4 € 
R,mEN, n>1eEN 


m t 
2m + 1 
y Amr(n’ *n")[e1 + 2o+-+-+2,)=1+ y ( ‘) a 
EY gat 


r=0 ky t+kote+ke=2m+1 


For instance, given m = 1 the Corollary 6.3 gives 
1 


>: Ai,(n" *n")[2 + y + 2] 


r=0 
=l+aet+yt+e2-(a@+ytz)1ltae+y+2)(1 — 32 —-3y—-—324+2(4+y+2)) 
=14a°4 3x7y + 3xy? + y? + 3272 + 6ryz + 3y*z + 3x2? + Byz? 4 23. 

Above example could be verified using using the commands 


e BinomialTheoremAndDiscreteConvolutionTest[1, x + y + z] 


e Expand [BinomialTheoremAndDiscreteConvolutionTest[1, x + y + z]] 


defined in Mathematica package at [Kol22]. 


Corollary 6.4. (Generalization of Theorem 5.5 for Multinomials.) For each x1 +22+++-+ 
r= 1, Dis Losicnley bp Se R, meEN, n= 1EN 


m t 
7 7 2m + 1 k 
SAndenirtattalea+ (24 VT Tat 
r=0 kytket--+ke=2m+1 
For example, given m = 1 the Corollary 6.4 gives 
1 


2S Ai,(n" *n")[e+ yt 2] 


r=0 


=-l+az+y4+2-(-l+2e+y+z)(42+y4+2)(-1 -— 3¢ — 38y — 324+ 2%(e+y+2)) 


2 


==1t 9 +3¢y4 bry? +y? + 8272 + Orye + By?z 4+ Baz" + By2? + 23. 
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Above example could be verified using using the commands 


e BinomialTheoremAndDiscreteConvolutionStrictTest[1, x + y + z] 
e Expand [BinomialTheoremAndDiscreteConvolutionStrictTest[1, x + y + z]] 


defined in Mathematica package at [Kol22]. 


7. DERIVATION OF COEFFICIENT A, 


By Lemma 4.1 for every m EN, n€R 
m n-1 
aS Kae ei ky (7.1) 
r=0 k=0 


The A,,,, might be evaluated using binomial expansion of ae k’(n —k)" 
n—-1 n—-1 r r n—1 
({r jon (r : 2 
S- k(n _ k)" ae S- kr Ss (-1) ( ) n’ Iki = So(-1)) ( ‘a > Arts 
k=0 k=0 j=0 J j=0 J k=0 


Using Faulhaber’s formula $77, k? = _ Ys (?*) Byn?t!~9 we get 


n-1 r : : 
TY pgs (oe Cag aed i41- 
Tin —k) = roj_ NT B.n'ti*1-5 _ B. 
y k(n —k) y (")n Peed ) ( ) A) r+j+l 


S 


k=0 j=0 
— 1) F+1 —1)\) 
7 (;) aE (’ 7 jane > (") aa 
ee rose Ss Sy ee 
=i ¢ un ii 
= > (") ( ) (" ar ) Bars 
= 3 et a +1 Ss 
S(r) 


(7.2) 


where B, are Bernoulli numbers and B,; = s. Now, we notice that 
: if = 0; 


¥(') (—1) aes ray)’ 
I) Ce ge A 8 2 ee };. eS 0. 


s 2r—s+1 
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In particular, the last sum is zero for 0 < s <r. Therefore, expression (7.2) takes the form 


n-1 
r yr 1 Qr+1 (=1) r Qr+1—s 
pe ~ Ort DC)” +2 . ease 


Hence, introducing = 2r +1 -—s to (x) and (=r — j to (0), we get 
n-1 
1 (—1)" (r 
k(n _ ky" 28 net fe a ( ) Bonn! 
> (2r a _ eI e 


+- 
aa _ont 
-E (an — Qr+1—eN 


- ose a 
(-1r d (") riage 


1 nett (-1)" (1) Y 
en yee Boru 
~ @r+HnZ)" POs paheg pi ee 


odd & 
Using the definition (7.1) of A,,,,, we obtain the following identity for polynomials in n 


= 1 ort £— ,2m+1 
> Aone (2r + 1)(7) 1) () nr ae 2 a 3 Av, Tor 11 _e - a: 0 —() Boysen =n (7.3) 


r=0 odd @ 


J 


Taking the coefficient of n?"t! for r = m in (7.3) we get Amm = (2m + i"). Since 
that odd @ < r in explicit form is 27 +1 < r, it follows that 7 < mt where 7 is iterator. 
Therefore, taking the coefficient of n+! for an integer j in the range x SI <M, we get 
Am,j = 0. Taking the coefficient of n?¢+! for d in the range m/4 < d < m/2 we get 


TTD +2(2m + 1) (7) to 1) oe ga O; 


(2m + 1)! 1 
d!d!m!(m — 2d —1)!m—d 


i.e 


Ama = (-1)""" Bom—2d 
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Continue similarly we can express A,,, for each integer r in range m/2%** < r < m/2°5 


(iterating consecutively s = 1,2,...) via previously determined values of A,»,¢ as follows 


2r\ d \(-1)%1 
Amr = (2r+1) ( : ) > Amd (,, 4 :) J Badr 


d=2r+1 


8. VERIFICATION OF THE RESULTS AND EXAMPLES 


To fulfill our study we provide an opportunity to verify its results by means of Wolfram 


Mathematica language. 


8.1. Mathematica commands. Proceeding to the repository |o]22] reader is able to find 


there a folder named mathematica that contains the files 


e OnTheBinomialTheoremAndDiscreteConvolution.m is a package file with definitions 
e OnTheBinomialTheoremAndDiscreteConvolution.nb is a notebook file with exam- 


ples. 
The following commands may be used to reproduce the results of this manuscript: 


e Alm, r] returns the real coefficient A,, defined by (1.1). 

e PrintTriangleOfA[rows] prints the table of coefficients A,,,,... 
Command PrintTriangleOfA[7] reproduces the table (1). 

e PolynomialL[m, n, k] returns the polynomial L,,,(n,k) defined by (1.5). 

e PolynomialP[m, x, b] returns the polynomial P}"(«) defined by (1.2). 

e Expand[PolynomialP[m, x + y, x + y]] verifies the Lemma 4.1. 

e PolynomialH[m, t, j] returns the polynomial H,,,,(j) defined by (1.3). 

e PolynomialX[m, t, k] returns the polynomial X,,,;(k) defined by (1.4). 

e Expand [BinomialTheoremAndDiscreteConvolutionTest[m, x + y]] verifies the 
Corollary 6.1. 

e Expand [BinomialTheoremAndDiscreteConvolutionStrictTest[m, x + y]] veri- 
fies the Corollary 6.2. 

e DiscreteConvolutionPowerIdentityParametricTest[m, x, a] verifies an equa- 
tion (6.1). Usage Column [Table [DiscreteConvolutionPowerIdentityParametricTest[1, 
H. 4 . 35 20); bere). 

e DiscreteConvolutionPowerIdentityStrictParametricTest[m, x, a] verifies an 
equation (6.2). Usage Column [Table [DiscreteConvolutionPowerIdentityStrictParametricTes 
*. 41, °%;-38;-20), Lett]. 

e Expand [Polynomialldentity0fP[1, n, b]] validates an identity 


PE) = Yo Ane oCIe"(5) a 


j=0 k=0 
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e PolynomialIdentityInvolvingX[m, x, b] validates an identity (3.1) 


PH(2) = So(- 1)" Xmr(b) - 2" 
r=0 
e PolynomialIdentityInvolvingH[m, n, b] validates an identity (3.1). 
m 2m—r+1 
Pra@=S) >) Aly" (0:0 
r=0 &=1 


gkiQ 1 2-3 -@. 6 8 7 
ane! 

se | 

2/1 7 #1 

3 il Je Te ft 

4 {1 19 25 19 1 

5 |1 25 37 37 25 1 

6 |}1 31 49 55 49 31 1 
TiLh Bf 61 738 7361 37 1 


Table 3. Values of Li(z,k). See OEIS entry: A300656. 


Table 3 can be reproduced using Mathematica command 


PrintTriangleOfPolynomialL[1, 7] 


defined in the [Kol22]. From Table 3 it is seen that 


P,0)=0a0° 

Poi 

P3(2)=14+7=2° 

P3(3) =1+134+13= 3° 

Pi(4) =1+19+25+19 = 4° 
P5(5) = 1+ 254+ 37+374+ 25 =59 


Another case, given m = 2 we have the following values of L(x, k) 
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12 121 | 

481 271 1 

481 1081 1081 481 1 

Yol 1921 2431 1921 751 | 
1081 3001 4321 4321 3001 1081 1 


L. ad 
2 ills 
3 {1 
4 }1 271 
5 {1 
6 | 1 
© cl 


Table 4. Values of Lo(x,k). See OEIS entry: A300656. 


Table 4 can be reproduced using Mathematica command 
PrintTriangleOfPolynomialL[2, 7] 
defined in the [Kol22]. Again, an odd-power identity 4.1 holds 


Po) =02=° 
P=isr 
P3(2) =14+31=2° 


1+ 1914-191 = 3° 
p2(4) =1+271+ 481+ 271=4° 
1+ 481 + 1081 + 1081 + 481 = 5° 
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10. CONCLUSION 


In this manuscript we have shown that Binomial theorem is partial case of polynomial 
P;"(x). Furthermore, by means of P/”(x) it is shown a relation between Binomial theorem 


and discrete convolution of polynomials. 
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